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Abstract 

Given a subspace arrangement, there are several De Concini-Procesi 
models associated to it, depending on distinct sets of initial combinatorial 
data (building sets). The first goal of this paper is to describe, for the root 
arrangements of types A„, (=C„), D^, the poset of all the building sets 
which are invariant with respect to the Weyl group action, and therefore 
to classify all the wonderful models which are obtained by adding to the 
complement of the arrangement an equivariant divisor. Then we point 
out, for every fixed n, a family of models which includes the minimal 
model and the maximal model; we call these models regular models and 
we compute, in the complex case, their Poincare polynomials. 



1 Introduction 

In [S], |3], De Concini and Procesi constructed wonderful models for the comple- 
ment of a subspace arrangement in a vector space. These are smooth varieties, 
proper over the given space, in which the union of the subspaces is replaced by 
a divisor with normal crossings. 

The interest in these varieties was at first motivated by an approach to 
Drinfeld construction of special solutions for Khniznik-Zamolodchikov equation 
(see [7]). Moreover, in [3] it was shown, using the cohomology description of 
these models to give an explicit presentation of a Morgan algebra, that the 
mixed Hodge structure and the rational homotopy type of the complement of a 
complex subspace arrangement depend only on the intersection lattice (viewed 
as a ranked poset). 

Then real and complex De Concini-Procesi models turned out to play a 
relevant role in several fields of mathematical research: subspace and toric ar- 
rangements, toric varieties and tropical geometry, moduli spaces of curves, con- 
figuration spaces, box splines, index theory, discrete geometry (see for instance 

[5], i, m, i, in], m, m and m)- 

In general, given a subspace arrangement, there are several De Concini- 
Procesi models associated to it, depending on distinct sets of initial combina- 



torial data {building sets, see Section 2.1 ). Among these building sets there are 



always a minimal one and a maximal one with respect to inclusion: as a conse- 
quence there are always a minimal and a maximal De Concini-Procesi model. 

The importance of the minimal construction was immediately pointed out, 
but real and complex non minimal models (in particular maximal models) ap- 
peared in various contexts (see ilj, ||2j, \V9\, [15]). For instance it is well known 
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that the toric variety of type v4„_i is isomorphic to the maximal model associ- 
ated to the boolean arrangement (see [T7] for further references). 

In this paper we will deal with the root arrangements of types An, Bn 
{=Cn), Dn- As our first goal we will describe, for these arrangements, the poset 
of all the associated building sets (ordered by inclusion) which are invariant with 
respect to the Weyl group action, and therefore we will classify all the wonderful 
models which are obtained by adding to the complement of the arrangement an 
equivariant divisor. 

Our second goal will be to point out. for every fixed n, a family of models 
(which we will call regular models), which includes the minimal model and the 
maximal model, and to compute the Poincare polynomials of all the models in 
this family. 

To describe our results more in detail, let us consider for instance the An-i 
case: we will introduce a partial order on the set A„ of all the partitions of n, 
and we will define a family of Sn invariant building sets Qx, where A G A„ is 
a building partition, i.e. it is (n) or a partition with at least two parts greater 
than or equal to 2. 

Then, given any subset {A^, A^, A*^} of pairwise not comparable building 
partitions, we will show that the union {Gx^ U Gx2 U • • • U Gx'' } is an Sn invariant 
building set, and that all the Sn invariant building sets can be obtained in this 



way (see Theorem 4.1 1 



Some particularly regular objects come out of this picture, i.e. the building 
sets Gs{An-i) obtained as the union of the building sets G\ such that A has 
exactly s parts. Therefore, for every n > 2 we have a family of n — 2 regular 
building sets: 

Gi{A„-i) c G2{An-i) c • • • c e„-2(Ai-i) 

where GiiAn-i) coincides with the minimal building set and C/„_2(A„_i) with 
the maximal one. We will give formulas for the Poincare series (Section [6]) 
of all the regular models Ygs{An-i)- For s ~ 1 this series is the well known 
series for the moduli spaces of stable n + 1-pointed curves of genus zero, while 
in the case of maximal models the formulas we obtain are explicit sums and 
products of polynomials whose coefficients involve the Stirling numbers of the 
second kind (different formulas for the Poincare polynomials of the maximal 
models were described in [IS]). The formulas for the intermediate models are 
"interpolations" between the formulas for the maximal and the minimal cases. 
We will also compute formulas for the Poincare series of some auxiliary 



wonderful models of subspace arrangements (see Theorem 6.1 ). 

The classification of all the Weyl group equivariant models in the Bn case, 
and the computations of the Poincare polynomials of the Bn regular models, 
are provided in Sections [7] and [8] while the Dn case is studied in Sections 10 
and EH 

Finally, we will point out the connection between our formulas and the rich 
combinatorics of the corresponding real De Concini-Procesi models. The real 
models can be contructed, as it is well known, by gluing nestohedra, and from 
this one obtains formulas for their Euler characteristics. Different formulas for 
these Euler characteristics can also be obtained by evaluating in q = — 1 the 
Poincare polynomials of the corresponding complex models. From the compar- 
ison of these two different computations one obtains nice combinatorial equiva- 



lences (see Section 12) 
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2 Basic construction 

2.1 Building sets and nested sets 

Let be a finite dimensional vector space and let Q he a, finite set of subspaces 
of the dual space V* . We denote by Cg its closure under the sum. 

Definition 2.1. Given a subspace U E Cg, a decomposition of U in Cg is a 

collection {Ui, • • • , Uk} (k > 1) of non zero subspaces in Cg such that 

1. U = Ui®---®Uk 

2. for every subspace A d U , A E Cg, we have Ar\Ui, ■ ■ ■ , AC]Uk E Cg and 

A ^ {Af^Ul) ® ■ ■ ■ ® {Ar^Uk)■ 

Definition 2.2. A subspace F £ Cg which does not admit a decomposition is 
called irreducible and the set of irreducible subspaces is denoted by Tg . 

One can prove that every subspace U (E Cg has a unique decomposition into 
irreducible subspaces. 

Definition 2.3. A collection Q of subspaces of V* is called building if every 
element C E Cg is the direct sum Gi ® • • • ® Gk of the set of maximal elements 
Gi, • • • , Gk of Q contained in C . 

As first examples of building sets one can consider the set of irreducible 
subspaces of a given family of subspaces of V* . or any set of subspaces of V* 
which is closed under the sum. 

Given a family Q of subspaces of V* there are different sets B of subspaces 
of V* such that Cg = Cg; if we order by inclusion the collection of such sets, it 
turns out that the minimal element is J-g and the maximal one is Cg. 

Definition 2.4. (see J^) Let Q be a building set of subspaces of V* . A subset 
S <Z Q is called Q-nested if and only if for every subset {Ai, • • • , Ak} (k > 2) 
of pairwise non comparable elements of S the subspace A = Ai + ■ ■ ■ + Ak does 
not belong to Q. 

We notice that if C is a building family of subspaces closed under the sum. 
then the subspaces of a C-nested set are totally ordered (with respect to in- 
clusion) . For a more general definition of building sets and nested sets from a 
purely combinatorial viewpoint see ^lOj . 

2.2 Wonderful models 

Let us take C as the base field and consider a finite subspace arrangement in 
the complex vector space V . We will describe this arrangement by the dual 
arrangement Q in V* (for every A € 5, we will denote by A-^ its annihilator in 
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V) . The complement in V of the arrangement will be denoted by Ag . 
For every A G Q we have a rational map defined outside of A-^ : 

-KA-V — > V/A^ — > P {V/A^) . 

We then consider the embedding 

(t>g ■■ Ag ^ V X {V/A^) 
Aeg 

given by the inclusion on the first component and by the maps tta on the other 
components. 

Definition 2.5. The De Concini-Procesi model Yg associated to Q is the closure 
ofc^g {Ag) mVxY\^^gV{V/A^). 

These wonderful models are particularly interesting when the arrangement 
Q is building: they turn out to be smooth varieties and the complement of Ag 
in Yg is a divisor with normal crossings. The irreducible components of this 
divisor are in correspondence with the elements of Q, and their intersection 
are described by the following rule: let us consider a subset S oi Q; then the 
common intersection of the irreducible components associated to the elements 
of S is nonempty if and only if S" is a ^/-nested set. 

The integer cohomology rings of the models Yg have been described in ^ . 
They are torsion free, and in [2^ Yuzvinski explicitly described Z-bases (see 
also [l2]). We briefiy recall these results. 

Let ^ be a building set of subspaces oiV* . IfH C G and B E Q is such that 
Ac. B for each A E H, one defines 

d-H_B ■= dimi? — dim j A 

\Ae-H 

In the polynomial ring Z[cyi]^gcj, we consider the ideal / generated by the 
polynomials 

Ph,b ■■= n ( X! '^C' 
Aen \cDB 

as H and B vary. 

Theorem 2.1. (see 14^). 
There is a surjective ring homomorphism 

(j) : 1[cA]Aeg ~^H*{Yg,Z) 

whose kernel is I and such that (f>{cA) G H'^{Yg,'E). 

Definition 2.6. Let Q be a building set of subspaces of V* . A function 

f-.g^N 

is Q -admissible (or simply admissible) if f ~ or, if f ^ 0, supp{f) is 
Q -nested and for all A e supp(f) one has 

f{A) < d 

where supp{f)A ■— {C G supp{f) : C C A\. 
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Definition 2.7. A monomial mj = Hyiee "^A ^ ^[caIass is admissible if 

f is admissible. 

Theorem 2.2. (see JMl, JT^) 

The set Bg of all admissible m,onomials gives a Z-basis of H* {Yg ,2,) . 

3 A partial ordering on partitions 

Let us denote by -Fa„_i the building set of irreducibles associated to the root 
system A„_i. There is a bijective correspondence between the elements of Jvi^ ^ 
and the subsets of {1, • • • , rt} of cardinality at least two: if the annihilator of 
A S J^An^i is the subspace described by the equation x^^ = — ■ ■ ■ — Xi^ then 
we represent A by the set {ii, 22, ... , ik}- In an analogous way we can establish 
a bijective correspondence between the elements of the maximal building set 
Ca„_i and the unorderd partitions of the set {1, • • • ,n} in which at least one 
part has more than one element: for instance, {1, 3, 4}{2, 5}{6}{7, 8} represents 
the subspace in Ca^ of dimension 4 whose annihilator is described by the system 
of equations xi = X3 = X4, X2 = X5 and x-^ = Xg. 

Let us denote by A„ the set of partitions of n G N. To every unordered 
partition of {1, • • • , n} we can associate, considering the cardinalities of its parts, 
a partition in A„ . Therefore we can associate a partition in A„ to every subspace 
in Ca„_i- We will say that a subspace in Ca„_i has the form A G A„ if its 
associated partition is A. For instance, the subspace {1, 3, 4}{2, 5}{6}{7, 8} in 
Cay has the form (3, 2, 2, 1). 

In this section we will describe a poset structure on A„ which will be used 
in the classification of all the 5„ invariant building sets associated to the root 
system A^-i- 

If n > 1 and A G A„, we will represent A by its Young diagram and call 
admissible the following moves: 

a) remove an entire row and add all its boxes to another row which has at 
least two boxes; then, if necessary, rearrange the rows in order to obtain 
a Young diagram (see Figure [T| ; 

b) remove k > 2 rows made by a single box and form a row made by k boxes, 
if k is greater than or equal to the number of boxes of the smallest row 
with more than one box; then, if necessary, rearrange the rows in order to 
obtain a Young diagram (see Figure [2| . 




Figure 1: Example of an admissible move of type a). 
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Figure 2: Example of an admissible move of type b). The number of boxes of 
the new row is 3: if it was 2. the move would not be admissible. 



Remark 3.1. If X — (1, 1, 1) there are no possible admissible moves. 

Now we equip A„ with the following partial order: A € A„ is greater than 
fj, £ A„ (we write X > fi) if X ^ fj, and the Young diagram of A can be obtained 
by the one of /i by a sequence of admissible moves (see Figure |3| . 




JILL 



Figure 3: A sequence of three admissible moves, starting from the partition 
/I = (4, 3, 2, 2, 1, 1, 1). At the end we obtain A = (7, 4, 2, 1), therefore A > /i. 



In the sequel we will be interested in the subset -BA„ of A„ (n > 1) made by 
(n) and. if n > 4. by all the partitions with at least two numbers greater than 
or equal to 2, i.e. A G -BA„ iff A = (n) or A = (Ai, A2, . . . , A^, ...) with k > 2 and 

Ai > A2 > • • • > Afc > 2 

We will call building partitions the partitions in i3A„. The ordering of A„ 
induces a poset structure on -BA„. 

Remark 3.2. Let j,6 be two building partitions. If ^ > S one can find a 
subspace of the form 7 which contains a subspace of the form S. 

Remark 3.3. Let us denote by }z the well known partial ordering on A„ such 
that jJL ^ if and only if > Ai and ^1+^2 > Ai + A2 and so on. We 
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observe that 7 > A implies 7 A but the reverse implication is not true. In fact 
the ordering >: can be obtained as a result of a set of moves which includes the 
moves used to define > : the elementary steps consist in removing a box from 
a row of a Young diagram and adding it to a higher row. We notice that, for 
instance, (5, 2) ^ (4, 3) but one cannot find a subspace of the form (4, 3) inside 
a subspace of the form (5, 2). 

Remark 3.4. Given two partitions A, 7 in the poset (i?A„,>), it is not true 

that there exists a minimum element 11 € -BA„ such that /i > A and ^ > ^. 
Let us consider for instance A = (8, 4, 4), 7 = (7,5,3,1). The (not comparable) 
partitions 9 — (12,4) and p = (8,8) are the minimal partitions in -BA„ which 
are > A, 7. Furthermore, it is not true that there exists a maximum element 
/U € -BA„ such that > jx and p > /U. 

4 The Sn invariant building sets of type An-i 

We are going to to describe all the building sets associated to the root arrange- 
ment An-\ which are invariant with respect to the natural Sn action (this is in 
the spirit of the construction of the compactifications of coiifiguratioii spaces: 
the corresponding wonderful models will have a Sn equivariant divisor at the 
boundary). 

We start by defining a family of building sets, parametrized by building 
partitions. 

Definition 4.1. Let X be a building partition. We define Qx as the set made 
by all the subspaces of the form 7 G A„ for every 7 > A. We define Q\ as 

Remark 4.1. We notice that, according to the definition, if X = (n) then Q\ 

is the building set of irreducibles Ta^^x- only building set associated to the 
root system A2 (i.e. when n = 3) is G{3) = J^a^- Ifn = 4:, there are two building 
sets: the minimal one G{i) = Ta^ o-"^^ the maximal one ^(2,2) • If n > A, the 
maximal building set is ^(2,2,1,1,1,...)- 

It is immediate from the definition that: 

Proposition 4.1. Given two different building partitions n and X, the building 
set Q\ is included in if and only if X > fi. 

The building sets of type Q\ (A G -BA„) are not the only Sn invariant building 
sets which include J-"a„_i- For instance, in the A5 case, 5(4, 2) U 5(3, 3) is an Sq 
invariant building set, which does not belong to the family Q\. The following 
theorem describes all the 5„ invariant building sets. 

Definition 4.2. Given a set S = {A^, A^, A"} of pairwise not comparable 
elements in -BA„, we denote by Gs the building set 

We denote by Tn the set whose elements are the nonempty sets of pairwise not 
comparable elements in BA„. 
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(3,2,1,1,1) (22,2,1,1) 




Figure 4: The Hasse diagram of the family of building sets of type G\ in the 
case A-j (green arrows represent inclusions). The red arrow shows a case where 
there is not inclusion. 

Theorem 4.1. The map: 

5 = {A\A2,...,A^}-^fo 

is a bijection between Tn and the set made by the 5„ invariant building sets 
which contain Jvi„_i- 

Proof. Let us consider a S'„ invariant building set B which contains J^a^^i- If 
it is different from J-a„-i we consider the subspaces in B — J-a„-i' to each of 
these subspaces we associate the partition in BAn which describes its form and. 
among these partitions, we choose the minimal ones (with respet to >). 

Let j4 be a subspace in B—J-a„_i whose associated partition 7 = (71 , 72, . . . , 7s) G 
BAn is minimal. Then, by Sn invariance, B contains all the subspaces of this 
form. We will show that C B. For this it suffices to show that if /i S BAn can 
be obtained from 7 by an admissible move, than B contains all the subspaces of 
the form /i. Let us consider moves of type a): then /i = (/ii, /i2, ■ • ■ , Mi, A^s-i) 
where the numbers fii coincide with the 7^ except for fii = 7^ +7f , where 7j > 1. 



8 



Now we take two subspaces which are of the form 7 and therefore belong to B: 
C = {.. .}{. . .}...{!, 2, 3, 7,} • • • bj + 1, 7i + 2, 7i + 7t} •••{•• •} 

71 72 7j 7t 7s 

D = {.. .}{. . .}...{7,. + 1, 2, 3, ...,7,} • • • {1,7,- + 2, ...,7,- + 7*} •••{•• •} 

71 72 73 7* 7s 

The sum C + D is the subspace 

C + 1? = {. . .}{. . .}...{!, 2, 3, 7„ 7,- + 1,7,- + 2, ...,7,- + 7,} ...{.. .} 

71 72 73+7t 7s 

By definition of building set, C + D must be the direct sum of the maximal 

subspaces in B contained in it. This is possible only if C + D G B. We have 
shown that B contains a subspace of the form fi, and therefore it contains all 
such subspaces. 

As for the moves of type b), let 7^. be the last part which is > 1 of 7 G -BA„. 
As a particular case, we first show that if n is obtained from 7 by deleting 
7fc parts equal to 1 and adding a part equal to 7fc then B contains a subspace 
of the form /i. The argument is similar to the one above. For instance, if 
7 = (4, 3, 1, 1, 1, 1) and /i — (4, 3, 3, 1), one then considers the two subspaces: 

C = {1, 2, 3, 4}{5, 6, 7}{8}{9}{10}{11} 

£» = {1, 2, 3, 4}{8, 9, 10}{5}{6}{7}{11} 
The sum C + D is the subspace 

C + D = {1,2,3, 4}{5, 6, 7}{8, 9, 10}{11} 

which must belong to B and has the form /x. Combining the result in this 
particular case with the result for moves of the first type, it is now easy to prove 
that if /U e BAn can be obtained from 7 by any admissible move of the second 
type, than B contains all the subspaces of the form /j,. 

Let S = {7"'^, 7^, ...,7''} be the set of the (pairwisc not comparable) minimal 
partitions associated to the subspaces in B — J^a„_i- Repeating the argument 
described above we can prove that B contains Gj^ U G-y^ U ... U Gj^- 

To show the reverse inclusion, let us consider D Cz B — J~'a„,-i- If D is 
associated to a minimal partition, say 7^, then D G G-y^ by definition. If the 
partition 7 associated to D is not minimal, then for a certain i we have 7 > 7'. 
By definition of G-yi we know that D G G-yi- this concludes the proof that 
B = G-yi UGj2^ ■■■UGj". 

Now we must show that the above expression for B is unique, i.e., if B = 
Gx^ ^Gx^ U ... UCJa" and B = Ge^ ^Ge^ U ...UGo'- then r = v and, up to reordering, 
6^ = A' Vi. Let us suppose that B ^ (otherwise the statement is trivial). 

First we observe that if is not > of one of the partitions 9^ ,6"^ , ...,6^ , 
then in Ge^ U Ge'^ U ... U Ge^ there are not elements of the form A^. This is 
a contradiction. Therefore we must have, say, A^ > 6^. The same argument 
shows that there exists i such that 9^ > A'. This implies A^ > A', and since 
the elements A'^, A^, A^ are pairwisc not comparable, we must have i = 1 and 
\^ >9^ >\^, that is to say, A^ =9^. The claim follows by induction. 

□ 
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5 The Poincare polynomial for the maximal model 

(case An-i) 

In this section we provide a formula for the Poincare polynomial of the maximal 

model -^^(2,2.1,1 ) — ^max,n- 

)(«) = '^dim H^''{Ymax,n,Q)q^ 
i 

We use a combinatorial strategy, different from the one in [TS], wliicli in the 
next sections will be generalized in many ways (i.e. it will be applied to different 
models and to different root arrangements). 

Let G be a minimal (with respect to inclusion) element in a building set Q. 
Let Q' — Q ~ {G}, and let Q be the family in (C")* /G given by the elements 
{{A + G)/G : A e g'}. In [J and [H] it is shown that G' and G are building 
and that Yg can be obtained by blowing up Ygi along a subvariety isomorphic 

This implies that, denoting by p the blowing up map p : Yg ^-^ Ygi , we have 

H*{Yg,'L)=p*H*[Yg,,'L)®{H*[E,'L)lp*H*{Yg,'L)) 

The exceptional divisor E is isomorphic to the projectivization of the normal 
bundle of Ig- in Ygi. Then H*{E, Z) is generated, as (Ig-, Z)-algebra, by the 
Chern class ( = Ci(T) of the tautological line bundle T E. Furthermore the 
class C has in H*{E,Z) the unique relation provided by the Chern polynomial 
of the normal bundle Ny^/Yg, ■ This proves the following proposition where we 
denote by P{Y){q) {q has degree 2) the Poincare polynomial of a model Y: 

Proposition 5.1. Let G be a minimal (with respect to inclusion) element in a 
building set Q. Then: 

P{Yg){q) = P{Yg,){q) + ^——lp{Y^){q) 

Theorem 5.1. For n > 2, we have the following inductive formula for the 
Poincare polynomial of the maximal model Yg^^ ^ i i ) = ^mox.n-' 

ri-/(A) _ 

P{Yrna..n){q) = 1 + ^ —^txP{Y„,ax^it^x)){q) 

X e A„ 
A^(l,l,l,...,l) 

where Z(A) is the lenght of the partition A (the number of parts) and t\ is the 
number of sub spaces whose form is A. 

Proof. We obtain this formula by applying Proposition |5.1| several times. We 
start by choosing a minimal subspace in the building set 5(2, 2, 1,1,... .)i then a 
minimal subspace in the building set 211 ) and so on. 

The key observation is that the 'quotient' building sets which are produced 
by this process are all isomorphic to maximal building sets. More precisely, 
let us suppose that, at a certain step, we have the building set Q'^^ 211 ) = 
5(2,2.1,1,....) ~ {some subspaces}. The dimension of the deleted subspaces can be 
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bounded, since at every step we have to remove a minimal subspace, so at first 
we can remove the subspaces of dimension 2, then the subspaces of dimension 
3, and so on. Let us therefore suppose that in ^('2211 ) the deleted subspaces 
are of dimension < j. Now we remove a minimal subspace A from ^"2211 )■ 
if there still are subspaces of dimension j in Q'^^^ 211 ) then A has dimension j, 
otherwise A has dimension j + Let A have the form A. Now let us consider Q": 
it is isomorphic to a building set associated to the arrangement Ai(^x)-i- Ii^ f^'Ct 
we can think of the quotient space as the space where some groups of variables 
are equal: there are only ^(A) 'free variables'. From this point of view, it is easy 
to check that G" is the maximal building set of type Ai(^x)~i- every subspace 
in this maximal building set can be obtained as a quotient B + A/ A, where we 
can choose B £ G{2,2,i.i,....) with dim B > dim A, so B E Q'^^ 211)- '-' 

Remark 5.1. We put P(Ymax,i)i<l) ^ 1 as a base for the induction. Then we 
observe that P{Ymax,2)iq) = 1 and P{Yrnax,3){q) ^ q+l- 

From this inductive formula we can write P{Ymax,n)iQ) as an explicit sum 
of polynomials whose coefficients axe expressed in terms of the Stirling numbers 
of the second kind. 

Definition 5.1. Given two positive integers n > j, let us denote by fn.jil) the 
polynomial 5(n,j)^^-— , where S{n,j) ~ ^"''g("J") ^/jg Stirling number of 
the second kind. 

Theorem 5.2. For n> 3, we have: 

PiY^ax^n){q) = 1+ J2 fj2.]liq)fh.j2iq)--- fjk,]k-liq)fn,3 

l<k< [^J 

(ji,i2, jfe) e Jfc(n-2) 

where Jk{n — 2) is the set of all the lists (ji, j2T--T jk) of integers such that 
1 < Ji < j2 < • • ■ < jfc < - 2 and, for every i = 1, 2, k, j, - > 2. 

Proof. The proof is by induction on n. 

One first observes that, in the sum which appears in the formula of Theorem 



5.11 we can regroup all the partitions with the same length j , with j ~ 1, n— 2 



9""^ - q 



P{Yraax,n){q) = 1 + ' _ / S{n, j)P{Y,r,axM 



j = l,....,n^2 

The conclusion then follows by induction. □ 

Remark 5.2. We notice that we can use our formula for the Poincare poly- 
nomials of the maximal models to obtain formulas for P{Yg'^'^ ^ ^ ^ where 
^{2 2 11 ) '^'^y '^f building sets obtained as a result of the above 
described algorithm, which starts from ^(2,2,1,1,....) '^^'^ deletes at each step a 
minimal subspace. In fact, at each step of the algorithm we have a relation like 
the following one: 

q"~^ - q 

P{Y^ax,n)iq) = P0^G['2_2,i,i + of polynomials P{Ymax,j){q) 
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In principle it is possible to use arguments similar to the one used in the 
proof of Theorem |5.1| to find formulas for the Poincare polynomials of the models 
Yg^ (A € BAn), but when we quotient by a subspace it is not always true that 
the quotient building set is one of the invariant ones described in the preceding 
sections, so the computation may need further steps and may become more 
complicated. 

6 Regular building sets 

The following building sets appear as natural objects in our picture, since they 
are obtained as unions of the building sets Q\ which lie on a same row of the 
diagram of S A„ (see Figure |4]) . 

Definition 6.1. For every n>3 and 1 < s <n~2 we denote by Gs{An-i) the 
Sn invariant building set which contains T a^^x '^^'^ ^^^'^ '^^^ subspaces of the 
maximal building set which have dimension >n~'S. We will call Gsi^n-i) the 
regular building set of degree s . 

We notice that, for n > 3, Gi{An-i) = ^a^-i ~ G(n) and, for n > 4, 
C/„_2(^n-i) is equal to the maximal building set Q(2,2,i,. ..,!)■ Therefore, for 
every n > 3 we have pointed out n — 2 distinct regular building sets which 
include the irreducibles: 

gi{A,,_l) C g2{An-l) C • • • C gn-2{A^-l)■ 

The following definition points out the property needed to apply the argu- 
ment of the proof of Theorem |5.1| to more general building sets. 

Definition 6.2. Let us consider, for every n > 1, a building set g{n) (associated 
to a subspace arrangement in C"J. We will call the family {Q[n)} inductive if 
when we take any subspace G G Q{n) of dimension j (with n — 1 > j > 2), the 
building set G{n) = {{A + G)/G : A G Q"} is (isomorphic to) Q{n — j), for 
every Q" obtained from Q by removing G, all the subspaces of dimension < j 
and any collection of subspaces of dimension j. 

A first remark is that the family of maximal building sets is inductive. 

We observe that Gn-siAn^i) is an inductive family, while Gn-iiAn-i) is 
inductive "up to subspaces of dimension 1", that is to say, the quotient building 
sets may differ from the expected ones, but only in the subspaces of dimension 1. 
For s < n — 4 the family Gs{An-i) is not inductive, so the argument of the proof 
of Theorem |5.1| cannot be applied. Anyway we will manage to compute the 
Poincare polynomials of the associated models. For this it is useful to introduce 
some different families of building sets, which are inductive: 

Definition 6.3. For every n > S and 1 < s < n — 1 we denote by GsiAn-i) 
the (Sn invariant) building set which contains all the subspaces of the maximal 
building set which have dimension > n — s. 

Remark 6.1. We notice that Gn-iiAn-i) = tj„-2(^n-i) md that all the other 
building sets GsiAn-i) (when \ < s < n ~ 2) do not include hyperplanes. All 
the families Gs{An-i) are inductive. 
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For convenience of notation, for every n > 2 and s > n — 1 we put ^s(^ri-i) 
and Qs^i{An-i) to be equal to the maximal building set. Let us denote by 
fn,j{q), as in Section jsj the polynomial S{n,j)^^-—^^ (where S{n,j) are the 
Stirling numbers of the second kind). 

Theorem 6.1. For every n > 3 and 1 < s < n — 2 we have the following 
formula for the Poincare polynomial of the models Yg 

= 1+ •/'j^ Ji (9)/j3 J2 {<!)■■■ fjk,jk-l i<l)fn,3, (q) 

1 < fc < [^J 

{ji,h, ■■■,3k) e Jk{s) 



Proof. One repeats the steps of the proofs of Theorems |5.1| and |5.2[ paying 
attention to the fact that the length of the partitions which appear is < s. □ 

Remark 6.2. Since Gn~2{An-i) Qn-2{An-i) differ only in the subspaces 
of dimension 1, this formula includes as a particular case (s = n—2) the formula 



for the maximal models (see Theorem 5.2) 



Now we are ready to describe formulas for the Poincare polynomials of the 
models Yg_^(^j^^_^y. these turn out to be interpolations between the well known 
formula for minimal models and the formula for maximal models of Theorem 
In these interpolations the polynomials P{Yg P-^^y ^ role. 

In [ig the Poincare series $(g,t) = t + Y.n>2 t^-^'^ ^^'(^ei(A,._i), Q)?' — 



5.2 



for the minimal models has been computed in the following way. First one 
computes, via a recursive relation, the series X{q,t) which counts the contribu- 
tion of basis monomials whose associated nested set is represented by a tree 
(included the degenerate tree given by a single leaf, which gives contribution t) : 



A(g,i)W = l 



X{q,t) 



(1) 



1 



e9^(9.*) - qe^(9'*) +q-l 



(here the superscript means the first derivative with respect to t). 
Then one obtains ^{q,t) as e'^''''*-' — 1. 

Now we need a modification ^{q,t,y) of ^{q,t), where the powers of the 
variable y take into account the number of the maximal subspaces in the nested 
sets associated to basis elements: 

$(<Z,t,2/) = e^^(«'*)-l 

Theorem 6.2. For every n > 3 and l<s<n — 2we have the following 
formula for the Poincare polynomial of the models Yg^(^j^^_-^y 

4-n 4-n 

s < j < n — 2 deg t = n 



^Since the projective minimal models are isomorphic to the moduli space Mo,n+ii this 
series also appear in many papers, computed from the moduli point of view: see for instance 

Hi, [2o|. 
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Proof. Our first step consists in describing the 5s(^n-i)-nested sets, since they 



are the supports of the monomials of the Yuzvinski bases (see Section 2.2 1 . One 
observes that, if S* is a C/s(v4„_i)-nested set, then S can be partitioned into two 
subsets: 

a) the (possibly empty) subset Si made by the subspaces which belong to 
Gsi-^n-i)- If Si is not empty, it contains a minimal element A (with respect 
to inclusion). Then the elements of 5*1 are totally orderd by inclusion (A is the 
minimal one). 

b) the (possibly empty) subset 5*2 made by the subspaces which belong to 
J'An^i — Gs{An^i)- They satisfy the following properties: they form a J-a„_i- 
nested set; their sum B doesn't belong to Gs{^n-i) and, if Si is not empty and 
A is the minimal subspace in 5*1, _B is strictly included into A. 

Therefore, every monomial m in the basis is the product of a monomial ms^ 
with support in 5*1 and a monomial with support in 5*2. We notice that 
also belongs to the cohomology basis of Yjr^ ^ . 

Let us denote by Ai, A2, Af the maximal elements in 5*2. We can rep- 
resent them by subsets of {1,2, ...,n} as usual; considering the cardinalities of 
these subsets, and eventually adding some parts equal to 1, we can associate to 
Ai, A2, At a partition A G A„ . 

One can then compute Poincare polynomials by regrouping all the basis 
monomials such that the maximal elements in 5*2 give a partition of length j, 
with the two following restrictions on j: j < n—2 (all the subspaces Ai, A2, At 
have dimension > 2 otherwise they are not in the support of a basis element) 
and j > s (otherwise Ai + A2 + ■ ■ ■ + At belongs to Gs{An-i))- 

The contribution of all the "msa factors" such that the maximal elements in 
S2 give a partition of length j is provided (up to multiplication by ^^) by: 

'^l degy^j M) 
deg t — n 

Now we observe that, by our description of nested sets, once such a factor 
is fixed, all the factors of type ms^ are in bijective correspondence with 
the monomials of the cohomology basis of Yg The following example 

illustrates this correspondence: let n = 12 and let {1,2,3} and {4,5,6,7} be 
the maximal subspaces in 52. Then every subspace in Si contains {1, 2, 3} and 
{4, 5, 6, 7}, therefore we can represent it as a partition of {1, 2, 12} where 1,2,3 
belong to the same part, and 4,5,6,7 belong to the same part. Now, "collapsing" 
1,2,3 to a new symbol 1 and 4,5,6,7 to 4, we are representing every subspace 
in Si by a partition of {1, 4, 8, 9, 10, 11, 12}, or renumbering the elements, by a 
partition of {1,2,3,4,5,6,7}. In this way we associate to the monomial ms\ 
a monomial in the cohomology basis of Yg ^^^^ (in this correspondence the 
exponents do not change, according to the definition of admissible monomials 



in Section 2.2 1 



□ 

Example 6.1. Here there are some examples: 

^(>ei(A,))(g) = g' + l6-7' + l6g + l 
^(>e.(A4)) (9) = 9' + 26-72 + 269 + 1 
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^(>'e3(A4))('Z) = 9' + 41g2 + 41g + l 
PiYgAA.))i<l) = 9' + 42<7-'' + 127g' + 42g + 1 
^(>e.(A5))(9) = 9' + 67g3 + 222g2 + 679 + 1 
^(^e3(A.))(9) = 9' + 142^3 + 372g2 + 142? + 1 
P{Yg,(A,)){q) =q^ + 187g3 + 732q^ + 187g + 1 
PiYg,(Ae))i<l) = + SSSq"* + 9556g^ + 9556g^ + 855g + 1 

Remark 6.3 (There is not an extended action on non minimal models). As it 
is well known, the minimal model of type A„_i has a natural 'extended' Sn+i 
action, which comes from the moduli interpretation (see for instance JJ^, 
114V - This is not true for the other Sn invariant models, as one can see from the 
geometrical point of view since the Sn action induced on the irreducible divisors 
in the boundary does not extend to a Sn+i action. 

From the algebraic point of view, for instance, a comparison between the 
character xi of the S4 action on ^^52(^3) ^.i^d, the character x\ of the S4 action 
on ^51(^3) shows that on the cohomology of the maximal model there is not an 
extended action compatible with the extended action on the cohomology of the 
minimal model. In fact xl^Xi = (•S(4) + S(2.2))9 o,i^d, there is not a representation 
of which, once restricted, decomposes as S(4) +S(2,2)- 

7 Case ( and C„), classification of all the in- 
variant building sets 

Let us consider the root arrangement of type i?„ in C" and let W{Bn) be its 
Weyl group (the case C„ leads to the same arrangement) . The subspaces in the 
building set of irreducibles Tb„ are of two types, strong subspaces and weak 
subspaces. A subspace of (C")* is strong if its annihilator can be described 
by the equation — ■ ■ ■ — Xi,, — 0. Then strong subspaces can be put in 
bijective correspondence with the subsets of {1, • • • ,n} of cardinality greater 
than or equal to 1 (we will call such subsets strong when they represent a 
strong subspace) . A subspace in J-b^, is weak if its annihilator can be described 
by {xi-^ = . . . — — ^^ji = ■ ■ ■ = —Xj^} (r + s > 2): therefore weak elements 
are in bijective correspondence with the subsets of {1, • ■ ■ ,n} of cardinality 
greater than or equal to 2 (such subsets will be called weak) equipped with a 
partition (possibly trivial) into two parts. 

Therefore, the subspaces in the maximal building set Cb„ can put in bijective 
correspondence with the partitions of {1, • • • ,n} such that each part is labelled 
"weak" or "strong" and the following extra conditions are satisfied: at most one 
part is strong, and if there is not a strong part, then at least one of the weak 
parts has more than 1 element |^ 

We want to classify all the W{Bn) invariant building sets which include 
J-B„- The combinatorial description of the subspaces in the maximal building 
set suggests us to introduce the notion of partition with a singular part: 

^In this notation we allow the presence of weak singletons {«}, which are associated to the 
subspace {0}. 
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Definition 7.1. We denote by S'A„ the set o/ singular partitions; its elements 
are the couples (r, A) with r integer, < r < n and A S A„-r- 

If a subspace Ain Cb„ is represented by a partition of {1, • • • , which lias 
a strong part of cardinality r (r may be 0) and weak parts whose cardinalities 
give the partition A G A„__r, we will say that A has the form (r, A). 

The element (r, A) S can be represented by a diagram whose higher row 
has r coloured boxes (see Figure Isl). 




Figure 5: The coloured diagram representing the singular (building) partition 
(2,(4,3,1,1,1)). 

We consider the following three types of admissible moves on S'A„: 

a) remove an entire not coloured row and add all its boxes to a not coloured 
row which has at least two boxes or to the coloured row (if it exists; if we are 
adding boxes to the coloured row, then the boxes will be coloured). At the end, 
if necessary, the not coloured rows will be rearranged in order to obtain a valid 
diagram; 

b) remove k > 2 not coloured rows made by a single box and form a row made 
by k boxes, if k is greater than or equal to the number of boxes of the smallest 
not coloured row with more than one box; then, if necessary, rearrange the rows 
in order to obtain a valid coloured diagram; 

c) if the diagram is made by a single row, we can colour it. 

As in the An case, we introduce a partial ordering in 5A„: 

(s,7) > {r,\) 

if and only if (s, 7) can be obtained by (r, A) by a sequence of admissible moves. 

Definition 7.2. A singular building partition (of type i?„, n > 2) is a couple 
(r. A) G 5'A„ which satisfies the further conditions that A ^ (1,1,1,...) and, if 
r = 0, then A G -BA„ — {{n)}. We will denote by SB An the poset of all singular 
building partitions, with the ordering induced by > . 

Definition 7.3. Let us consider (r. A) G SB An- We define the set BQ(^j..\) o.s the 
union of Tb^ with the set made by all the subspaces of the form (5,7) G SB An, 
with (s, 7) > (r. A). 

We notice that, according to the definition, the building set of irreducibles 
is denoted by BQ(^n.{o))- If n = 3, there are two W{Bn) invariant building sets 
which contain the irreducibles: the minimal one _Bt?(3 (q)) and the maximal one 
BQ(i^{2))- If n > 3, the building sets BQ(^gy^ ((s. A) in SB An) are all distinct and 
the maximal building set is described as i?5(o,(2.2,i,i.i,...)) U BQi^i (^2.1,1,1,1. ...))■ 

Proposition 7.1. Given n > 3 and two different singular building partitions 
(r, yCt) and (s. A) in SB An, the building set BQ(^gx) included into BQ(^,^^^-^ if 
and only if (s. A) > (r, /i). 
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(0,(2,2,1)) 



(1,(2,1,1)) 




c c 

•^(0,(3.2)) •^(1,(2,2)) 



(1,(3,1)) 



(2,(2,1)) 




9 9 ^fi3„, 

am (2,(3)) -'(3,(2)) 

/ 

Bs ~^(5.(0)) 



Figure 6: The Hasse diagram of the family of building sets of type G{r.fj,} (with 
{r,fj,) in SB An) in the case B^. 

Definition 7.4. Given a set S — {{ri, X^), (r2, A^), (r^,, A")} of pairwise not 
comparable elements in SB An, we denote by the building set 

Gs = ^(ri,Ai) U G{r2,X^) U ■•• U G(r^^X^') 

and by BTn the set whose elements are the nonempty sets of pairwise not com- 
parable elements in SBAn- 

We have the following classification theorem (we omit the proof, since it is 
similar to the An case, Theorem 4.1 1. 



Theorem 7.1. The map: 

5 = {(ri,Ai),(r2,A2),...,(r,,A'^)}^fo 

is a bisection between BTn o,nd the set of the W{Bn) invariant building sets 
which contain the irreducibles. 



8 Regular building sets in case 

As in the An case, we focus on the regular W{Bn) invariant building sets, 
obtained as the union of all the building sets of type Q(r,^i) (with (r, /i) in SBAn) 
which lie on a same row of the Hasse diagram (see Figure [6]) . 

Definition 8.1. For every n > 2 and < s < n ~ 2 we denote by Qs{Bn) the 
(W{Bn) invariant) building set which contains the irreducibles and also all the 
subspaces of the maximal building set which have dimension > 7i — s. We will 
call Qs{Bn) the regular building set of type i?„ and of degree s. 
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For every n > 2 and s > n — 1 we put Gs{Bn) to be equal to the maximal 
building set. We notice that, for n > 3, Go{Bn) is the building set of irreducibles 
(denoted by i3C/(„ (g)) in Section |7]) and, for n > 4, Qn-2{Bn) is equal to the 
maximal building set -8^(0,(2,2, . ^ BQ (^1^^(2,1. 1,1,1,.. .))■ 

As in the A„ case, we will define families of subspace arrangements which 
are obtained by removing some of the irreducible subspaces from Qa{Bn). 

Definition 8.2. For every n > 2 and < s < n ~ 1 we denote by Gs{Bn) the 
(W{Bn) invariant) building set which contains all the subspaces of the maximal 
building set which have dimension > n — s. Moreover, for every n > 2 and 
s > n — I we put Qs{Bn) to be equal to the maximal building set. 

We remark that t?„_i(i3„) = Qn-2{Bn) is the maximal building set and that, 
for every fixed s > 0, the family Qs{Bn) is inductive. 

Given two positive integers n > j, let us denote by hn.j{q) the polynomial 

Theorem 8.1. For every n > 2 and < s < n — 2 we have 

i<k< L^J 
(ji,j2, •■■,jfc) e Jk{s + 1) 

where Jfe(s + 1) is the set of all the lists (ji, J2, ife) of integers such that 
1 < ji < j2 < • • ■ < jfe < s + 1 and, for every i = 1, 2, k, - > 2. 

Proof. We can compute the Poincare polynomials using the strategy described 
in Sectionjs] i.e. by removing at each step a niinimal element and considering the 
quotient. Since the family of building sets Qs{Bn) is inductive, every quotient 
is again a building set of type Gs{Bj). We then have the following inductive 
formula: 

j = n — s + I, ....,n 

j — n ~ s, ....,n ^ 1 

(r,A) e5SA„ 
1{X) < s 

The first (res. second) addendum describes the quotients by weak (resp. strong) 
subspaces in J^b„ H Gs{Bn)- The third addendum describes the quotients by 
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subspaces in Qs{Bn) whose form (r, A) belongs to SB An- For every j — 1, s+1 
we can regroup all the subspaces which have dimension n + 1 — j, which are 

n+l-(j-l) 

^ J " ]5(n + l-/fc,j--l)2«+i-(^-i)^'= 

k=l ^ ^ 

subspaces. Therefore we obtain 

1 < i < s + 1 

Since j < s + 1 we have that Qs{Bj-i) is equal to the maximal building set 
associated to the root arrangement -Bj-i and the proof can be concluded by 
induction(as a base for the induction we put P{Yg j^g^-^){q) = !)• □ 

Remark 8.1. Since Qn-2{Bn) o,nd Qn-2{Bn) differ only in the subspaces of 
dimension 1, this formula includes as a particular case (s — n — 2) the formula 
for maximal models (see 1151, where a formula was obtained using a different 
combinatorial argument). 

Now we are ready to describe formulas for the Poincare polynomials of the 
models Yg^(^B„)'- SiS in the An case, these turn out to be interpolations between 
the formula for minimal models and the formula for maximal models. 

In [25], [12] the Poincare series 

n>l.i 

for the minimal models has been computed in the following way. Let XsilTt) 
be the series which counts the contribution of basis monomials whose associated 
nested set is represented by a tree which has only weak vertices. We have: 

>^B{q,t) = ^X{q,t) 

where X{q,t) is the corresponding series for the An case (see Section |6|. 

Then one observes that the series fi b which counts the contribution of basis 
monomials whose associated nested set is represented by a tree which has at 
least a strong vertex is provided by the relation: 

Mi3(g, t) = ^ . . - 1 

1 - iB{q,t) 

where 

^q\B(q,t) _ „p\B(q,t) 
lB{q. t) = ^— 1^ + 1 

Then one obtains ^B{q,t) as e^«('?'*)(^B + 1) - 1. 

Now we need the following modification ^B{q,t,y) of ^B{q,t), where the 
powers of the variable y take into account the number of maximal subspaces in 
the nested sets associated to basis elements: 

$B(g,i,y)=e^^-(«'*)(2/A'B + l)-l 



19 



Theorem 8.2. For every n > 2 and 0<s<n — 2we have the following 
formula for the Poincare polynomial of the models ^^^(b,,)' 



2"n! 

E 

s < j < n 



2"n! 



^1 deg y = j 
deg t — n 



iq,t,l)P{Y^^^^^^){q) 



Proof. The proof is similar to the one in the j4„_i case (see Theorem 6.2 1. □ 



9 The interplay between boolean and root ar- 
rangements 

The boolean arrangement is a subarrangement of the arrangement of type _B„ 
in C". The irreducibles are the lines in (C")* whose annihilators are the hy- 
perplanes Xi = 0. The maximal building set is given by the subspaces of (C")* 
whose annihilators are the subspaces Xi-^ = Xi^ = ■ ■ ■ = Xi^ =0 {k = 1,2, n). 
We can define regular models: 

Definition 9.1. Given n > I and —1 < s < n ~ 2 we denote by Qs{Bo{n)) the 
building set which contains the irreducible subspaces and also all the subspaces 
of the maximal building set which have dimension > n — s. 

For n = 1 there is only one building set. Given n > 2, one immediately 
observes that the regular building sets Qs{Bo{n)), with — 1 < s < n — 2, are 
all the Sn invariant building sets which contain the irreducibles (for s = — 1 we 
have the building set of irreducibles, for s = n — 2 the maximal building set). 
For every fixed s > —1, the family Qs{Bo(n)) is inductive. 

The maximal projective model i^c;„_2(Bo(n)) is isomorphic to the toric variety 
of type An-i (see Procesi [27. Henderson |T7|). We observe that there is the 
following chain of inclusions among building sets: 

g^i{Bo{n)) C go{Bo{n)) C • • • C g„_2(So(n)) C g^iB,,) C • • • C g„_2(B„) 

Then we have the following chain of projections among the associated models: 

Yg_^(Bo(n)) ^ ^eo(Bo(n)) ^ • ' ' Yg^_^(Bo(n)) ^ ^eo(S„) ^ • • • <- ^e„_2(-B„) 

which gives ring injections in cohomology: 

H*(yg-l{Bo(n))) ^ H* {Ygg(Bo{n))) ■ ■ ■ ^ H* {Yg ^_^(b o(n))) -f^* (^5,) (S„ ) ) ^ ' ' ' ^ H* {Yg^_,^(^B,,)) 

These ring injections can be described explicitely in terms of the bases, accord- 
ing to the following general rule, which depends on the blow-up construction. 
Let T <Z g he two building sets of subspaces of C". For every ^ e T let us 
define 

Ux,g{A) = {B G g—T\Ais maximal among the subspaces in T which are included in B} 
Then the ring injection 

Rr^g : H*iYr)^H*{Yg) 
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is described by: 

VAeT RT,g{cA) = CA+ 

BeUT,g{A) 

For instance, if T is equal to J^a^ , G = S(2, 2,1,1) is the maximal model of the 
arrangement A5 and ^ = (1, 2, 3), we have: 

^■?"a5 ,5(2,2,1,1) (C(l,2,3)) = C(l,2,3)+C(l,2,3)(4,5)+C(l,2,3)(4,6)+C(l,2,3)(5,6)+C(l,2,3)(4,5,6) 

10 Remarks on the classification in case Dn 

Let us now c:oiisider the root arrangement of type _D„ in C" and denote by 
W{Dn) its Weyl group. The building set of irreducibles is the same as in the 
Bn case, except for the strong sets, which must now have cardinality at least 2. 
Hence, as in the B„ case, we can put the elements of the maximal model Cd^ 
in a bijective correspondence with the partitions of {1, ... n} with at most one 
strong part and such that the strong part (if there is one) is required to have 
cardinality > 2. 

With this setting, in order to classify all the W{Dn) invariant building sets 
which contain the irreducibles we can repeat the same arguments used in the 
case _B„. We start with a slightly different set of couples, in fact we replace 
SAn with SAn, where SAn is the set of couples (r. A) such that r ^ 1 and A is 
a partition of n — r. 

Definition 10.1. A singular building partition of type £>„ (n > 4) is a couple 
(r. A) e SA with A ^ (1, 1, 1, . . . , 1) and, if r = 0, X € BA„ - {(n)}. We 
will denote by SBAn{Dn) the poset of all singular building partitions with the 
ordering induced by >. 

Definition 10.2. Let n > 4. Let us consider (r. A) S SBAn{Dn)- If n is odd 
or r ^ we define the set DQ(^r,\) o,s the union of the building set of irreducibles 
of type Dn with the set made by all the subspaces of the form (5,7) where 

(s,7) e SBAjDn) and (5,7) > (r,A). 

Remark 10.1. // n is an even number greater than or equal io 4, r = and 
X is a partition of n made by even numbers we have two uncomparable W{Dn) 

invariant building sets ( containing the irreducibles of type D„) associated to the 
singular partition (0, A). To see this suppose that X — (Ai, . . . , Am) and call 

• /(A, +) the set of subspaces whose form is X, and in which every subset 
{zi, 12, ik} represents the annihilator of {.Xj^ — ... — Xi^ -^ = Xi^^}; 

• /(A, — ) the set of subspaces whose form is X in which the first subset 
represents the annihilator of {—Xi-^ = Xi^ = ■ ■ ■ = Xi^_^_^ = ajj,^^} and 
the other subspaces are as in /(A, +) . 

As a consequence of this remark, when n is even and A is a partition of n 
made by even numbers, in the poset of singular building partitions, the vertex 
corresponding to (0, A) splits into two vertices (0, A, +) and (0, A, — ); we have 
the same "double vertex" in the corresponding poset of the building sets DQ(^r,X)' 
Dg{0,X,+) and Dg{0,X,-). 
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Proposition 10.1. Given n > A, and two different singular building partitions 
(r, A) and (3,7), we have that DQ(^s .^) C DQ(^r,\) if and only if {s,^) > (f, A)|^ 

Definition 10.3. Let n he an odd number > 5. Given a set 5 = {(ri, A^), . . . , (r^,, A")} 
of pairwise non comparable elements in SBAn{Dn), we denote by Qs the build- 
ing set 

Remark 10.2. If n is even (n > 4) we have a similar definition with respect to 
to the poset with double vertices: in the set of non comparable elements (0, A,+) 
or (0, A,— ) (or both) may appear. 

The proof of the following classification theorem is similar to the one in the 
cases An and i?„: 

Theorem 10.1. Let n > 4. Ifn is odd, the W{Dn) invariant building sets which 
contain the irreducibles are in bisection with the unions of sets of pairwise not 
comparable (with respect to inclusion) elements of the family DQ^rX) ((^j-^) G 
SBK{Dn))- 

If n is even we have the same statement, with respect to the poset with double 
vertices. 



11 Regular building sets in case Dj 



We can compute the Poincare polynomial of the _D„ maximal model by sub- 
tracting from the i?„ one the contribution provided by the basis monomials 
whose associated Cb„ -nested set contains at least an element with strong part 
of cardinality one. If we denote by '^^sji{q) such contribution we have the fol- 
lowing 

Theorem 11.1. 

/ 



E 



/(n - l,jk) ■ ■ ■ f{j3,j2)f{j2,jl)Pmax,B,^ (q) 



V (ji, • ■ • ,jk+i) e Jk(n - 1) 
where, given, n > m 

f{n,m) :— S{n,m)- 



^n— m+l 



and Jk{n — 1) is the set of {k + l)-tuples (ji, . . . ,ik+i) such that 1 < Ji < ^2 < 
■ ■■ < jk < jk+i =n-l, j2 - Ji > 1 and ji - > 2 /or i G {3, . . . , fc + 1}. 



^The order relation > is the same as in the B„ case with the only difference that when we 
compare two partitions (0, A, it) and (0,7, it), in order to have (0,A,it) > (0,7, it) we also 
request that the signs coincide. 
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Proof. Fix n > 2 and let us see how a "bad" nested set is done. Since the 
nested sets of the maximal model are totally ordered by inclusion we must have 
a minimum element, say A^i, with strong part of cardinality one. Hence, Ni 
must have a weak part given by a partition in j > 1 (and j < n — I) parts of 
the remaining n — 1 leaves (otherwise the corresponding monomials wouldn't be 
admissible). The subspaces included in this one, in the nested set we are dealing 
with, have no strong part (by minimality) and they are obtained by splitting 
(in an admissible way) the weak part of A^i; on the other hand, the family of 
the subspaces which lie above A''i may be thought as an admissibile Cb^ nested 
set. 

From these remarks and since the strong leaf may be chosen in n difi:erent ways, 
the claim follows. □ 



Corollary 11.1. 

Proof. Immediate from the theorem and the remarks above. □ 

Definition 11.1. For every n > 4 and 0<s<n — 2we denote by Qs{Dn) the 
(W{Dn) invariant) building set which contains the irreducibles and also all the 
subspaces of the maximal building set which have dimension > n — s. We will 
call Qg{Dn) the regular building sets of type D„ and degree s. Moreover, for 
every n > 4 and s > n — 1 we put Qs{Dn) to be equal to the maximal building 
set. 

Definition 11.2. For every n > 4 and 0<s<n — 2we denote by Qs{Dn) the 
W{Dn) invariant building set which contains all the subspaces of the maximal 
building set which have dimension > n — s. Moreover, for every n > 4 and 
s> n — 1 we put Gs{Dn) to be equal to the maximal building set. 

Now,as in the case of the maximal model, we can compute the Poincare 
polynomial of the models ^0^(_d^) starting from the ones of the models ^g^(B^)- 

Theorem 11.2. For every n > 4 and < s < n — 2 

where 



r:(9)=n 



i<fc<L^j 



f{n - i,3k) ■ ■ ■ /(i3,i2)/(i2.ii)^(^e,(B,j)(9) 



\ (ji, • • ■ ,j/c+i) e Jk,s{n- 1) 



where Jk,s{n — l)is the set of (k + l)-tuples (ji, . . . ,jk+i) such that 1 < ji < 
j2 < ■■■ < jk < jk+i = n - 1, jk < s, j2 - ji > 1 and - j^-i > 2 for 
ie{3,...,k + l}. 
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Proof. The proof is essentially the same as in the maximal case: we have to 
subtract to P{Yg )){q) the contribution provided by the monomials whose 
associated nested sets contain an element with a strong part of cardinality one. 
The only difference is that now we are dealing with subspaces of dimension at 
least n — s. 

□ 

Remark 11.1. Ifn < 4, as bases for the induction, we take P(Yg^f^jj^s^){q) = 1; 
P(Yg^.iD..^){q) = P{Yg^^D..)){q) = l+q; P{Yg^^n,)M = ^+<l+q' ;P(.Y~^^D,))(q) ^ 



The same strategy (start from what with know about i?„ and subtract) may 
be applied to the computation of P{yg^,{D„)){q)- 

The main difference is that the strong irreducible sets in case Z?„ must have 
cardinality at least three while i?„ admits strong irreducible sets of cardinality 
two. So we may work as follows: if we define 

lD{q, := 2 Mq, ^) - 9^ " (4? + 9^)^ " 9 E Q 

then the contribution of the strong trees (in the Poincare series of the minimal 
model) is given by 

1 -7d(9,^) 

Calling <i>D{q,t,y) := ey^^'-i-^^y^ioiq^t) + 1) - 1 we have: 

Theorem 11.3. For every n > 4 and 0<s<n — 2we have the following 
formula for the Poincare polynomial of the models ^^^(d,,)' 

s < j <n-2 ^ degt = n 



Proof. The proof is similar to the one in the A„_i case (see Theorem 6.2 1. □ 



12 The Euler characteristic of real models 

The De Concini-Procesi construction can be repeated also for real subspace 
arrangements and its projective version produces real compact models. The 
cohomology of these models has been described by Rains in [51] . In this section 
we will make a remark about Euler characteristic. 

Let us consider a real building set of subspaces in an euclidean vector space 
and denote by Yg{C) and l^g(M) the complex model and the real compact 
model associated to it. From a result of [18_ it follows that i7^*(yg(C), Z2) = 
H^{Yg (M), Z2); therefore dim H'^^{Yg{C),Q) is equal to the Euler char- 

acteristic xsiYgiJ^)). Then if we put q = — 1 in our formulas for the Poincare 
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polynomials we obtain the Euler characteristic of the corresponding real com- 
pact De Concini-Procesi models. 

We point out that there are other ways to compute the Euler characteris- 
tic of these models. For instance, as it is well known, in the An^i case the 
maximal real compact model can be obtained by gluing n\ permutohedra of 
dimension n — 2. Therefore another formula for the Euler characteristic can be 
obtained by counting the faces of the n\ permutohedra and taking into account 
their identifications (a face of dimension i is identified with 2"~'~^ — 1 other 
i-dimensional faces). More precisely, let P„_2 be the (n — 2)-dimensional permu- 
tohedron. Then the Euler characteristic of the real maximal model Y,nax,n(^) 
is provided by the following formula: 



i=0 



From the formula of Theorem 5.2 since 1) is equal to if n,j have 



diS^erent parity and is equal to —S{n, j) otherwise, we obtain 

XE{Ymax,nm) = PiYmax^i-l) = 1 + 

+ E (-l)'5(j2,Ji)^(j3,j2)---^U.Jfe-i)^(n,jfe) 

1 < fc < L^J 
1 < jl < j2 < • • • < jfc < n - 2 
11 = jk = ■ ■ ■ = ji raod 2 

When n is odd this sum is easily shown to be equal to (this is in accordance 
with Poincare duality), while for n even the formula above specializes to: 

XE{Y„^ax.nW) - P{Ymax,n){-l) = 1+ (2) 

+ E (-I)'=5(j2,ji)5(j3,j2)---5(j,,j,_i)5(n,jfe) 

1 < fc < [^J 

I <ji < j2 < ■■■ < jk <n~2 
ji even 

For instance, when n = 6 
XE{Ymax,nm) = 1 " 3(6, 4) - 3(6, 2) + S{6, 4)5(4, 2) = 1 - 65 - 31 + 455 = 360 

We point out that by comparing formulas ([ij and ([2| some nice relations, in- 
volving Stirling numbers of the second kind, appear. This remark extends to 
all the De Concini-Procesi models of root arrangements, which are obtained by 
gluing nestohedra (see [27 ), in particular to all the regular models. For in- 
stance, the maximal model in case Bn is obtained by gluing 2"n! permutohedra 
P{n — 1), therefore by computing in two different ways the Euler characteristic 
one obtains that 

i=0 
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is equal to the number obtained putting s ~ n — 2 and g = — 1 in the formula 
of Theorem 8.1 We remark that in in one can find other different formulas 
for the Euler characteristic of the maximal models of root arrangements. 
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